Abstract. We give an intrinsic (coordinate-free) construction of the tangent groupoid of a filtered manifold. This is an analogue of Connes' tangent groupoid which is pertinent for the analysis of certain subelliptic differential operators. It is a deformation of the pair groupoid to a bundle of nilpotent groups. We also describe the analogous construction in the context of the adiabatic groupoids of a filtered Lie groupoid.
Introduction
Connes' tangent groupoid
provides a powerful conceptual framework for the study of pseudodifferential operators. Connes famously used it in a proof of the Atiyah-Singer Index Theorem [Con94] .
Recall that pseudodifferential operators on a manifold M are defined by Schwartz kernels on M × M with singularities on the diagonal belonging to some prescribed class. The power of the tangent groupoid lies in the smooth gluing of the fibres M × M (which carries the Schwartz kernel of a pseudodifferential operator) to the tangent space TM (which carries the principal symbol).
By now we have tangent groupoids associated to many different classes of pseudodifferential operators. One example is the Heisenberg calculus which is relevant to contact and CR geometries. In this case, the tangent bundle TM is replaced by a bundle of Heisenberg groups T H M called the osculating groupoid. The Heisenberg calculus was developed by Folland-Stein [FS74] and Taylor [Tay] in the 1970s. An adaptation of the tangent groupoid to the Heisenberg calculus was developed in [vE05, Pon06] , which led to the index theorem for the Heisenberg calculus [vE10a, vE10b] .
Taking this further, one would expect analogous constructions in the context of filtered manifolds. In heuristic terms, a filtered manifold (called a Carnot manifold by Choi-Ponge [CP15] ) is a manifold for which some vector fields are viewed as differential operators of degree greater than one.
We have shown in [vEY15] that a pseudodifferential calculus for filtered manifolds, à la Melin [Mel82] , can be produced from a tangent groupoid for filtered manifolds. The relevant tangent groupoid appears in Choi-Ponge [CP15] , with a construction based on preferred local coordinate systems. For our work we needed an instrinsic (coordinate-free) construction of the same groupoid. The goal of this paper is to describe this construction.
The results in this paper were originally contained in the preprint [vEY15] . Following a referee's suggestion, that paper has been split into two conceptually distinct pieces: the present part on the tangent groupoid, and the second part on pseudodifferential calculi.
Statement of results.
In [Con94, §II.5] Connes constructs the smooth structure of TM near t = 0 by means of a map TM × R → TM, (x, v, t) → (exp ∇ (tv), x, t), t = 0 (x, v, 0), t = 0.
Here exp ∇ : TM → M is the exponential map associated to a connection ∇ on TM. Adapting this construction to filtered manifolds is more challenging than it might seem at first.
Definition 1.
A filtered manifold is a smooth manifold M equipped with a filtration of the tangent bundle TM by vector bundles
Here we are using the convention that H i = TM for i > N. Elements of Γ ∞ (H i ) may be referred to as vector fields of order (less than or equal to) i.
Given such a filtration on TM, the associated graded bundle t H M := i H i /H i−1 inherits the structure of a bundle of nilpotent Lie algebras over M-see Definition 6. The associated bundle of simply connected nilpotent Lie groups T H M is called the bundle of osculating groups or the osculating Lie groupoid. Theorem 2. Let M be a filtered manifold. Consider the family of Lie groupoids (G t ) t∈R with
There is a canonical smooth structure on the union
which is compatible with the smooth structures on the two components and makes T H M into a Lie groupoid.
An explicit smooth chart for the groupoid T H M in a neigborhood of the t = 0 fiber is given by the map TM × R → T H M with
As in Connes' construction, exp ∇ : TM → M is the exponential map associated to a connection ∇ on TM, while tv is quite naturally replaced by δ t (v), where δ t are dilations of TM compatible with the filtration (see Section 4). What is not easy to see is that for the smooth structure of T H M to be well-defined, the connection ∇ must be compatible with the dilations, in the sense that
The construction of T H M in this paper procedes in natural stages. The technical condition on the connection ∇ will appear naturally at the end of the process. To prove Theorem 2 we follow a classic strategy: just as it is easier to construct a Lie algebra than a Lie group, so it is easier to define a Lie algebroid than a Lie groupoid. We therefore begin by constructing the Lie algebroid t H M of T H M. This is a matter of gluing a filtered bundle to its associated graded bundle-a process which is most efficiently carried out by working with their modules of sections. We then appeal to well-known results on integrating Lie algeboids to produce the tangent groupoid T H M.
Finally, in Section 9 we describe a generalization of our construction to filtered Lie groupoids G, obtaining an analogue of the adiabatic groupoid in the presence of a filtration on the Lie algebroid of G.
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Remark 3. Since the appearance of this article as a preprint, another approach to the tangent groupoid of a filtered manifold has appeared in [SH16] using methods closer to algebraic geometry.
Lie algebroids
For the basics of Lie groupoids and Lie algebroids we refer the reader to [MM03] . Throughout, we use the following notation: G denotes a Lie groupoid; M = G (0) is the space of units; r, s : G → G (0) are the range and source maps, respectively; AG = ker ds| G (0) is the Lie algebroid of G; and ρ = dr : AG → TG (0) is the anchor.
Abstractly, a Lie algebroid over a smooth manifold M is a vector bundle g → M equipped with two compatible structures:
• A Lie bracket on smooth sections
(1) the induced map on sections ρ :
In nice situations (such as we will have in this paper) one has an analogue of Lie's Third Theorem, which associates to a Lie algebroid g a Lie groupoid G with AG = g.
With the exception of the final Section 9, we will be working with Lie groupoids and Lie algebroids that are built out of the following two simple examples. As a particular case of the second example, the tangent bundle TM has an alternative Lie algebroid structure as a bundle of abelian Lie algebras. In this case, we equip Γ ∞ (TM) with the zero Lie bracket and the zero anchor.
The Lie algebroid tM of Connes' original tangent groupoid is obtained by interpolating smoothly between the two different Lie algebroid structures on TM in the above examples. This is easily achieved: we simply multiply the Lie algebroid structures on TM by t ∈ R to obtain a smooth family of Lie algebroids indexed by t. Exponentiating this yields the tangent groupoid 1 . The analogue of this construction for filtered manifolds follows the same basic idea, except that (roughly speaking) the rescaling will be by t i on vector fields of degree i. The goal of the rest of the paper is to make this precise.
The osculating groupoid of a filtered manifold
Let M be a filtered manifold (see Definition 1). As described in the introduction, the pertinent analogue of the tangent bundle TM is the bundle of osculating nilpotent groups. To construct this osculating groupoid we begin with a Lie algebroid, which we will then exponentiate.
The key point in constructing the osculating Lie algebroid is contained in the following simple calculation. Let M be a filtered manifold, and let
Thus, although the Lie bracket on vector fields is not C ∞ (M)-linear, it does induce a C ∞ (M)-linear bracket on sections of the associated graded bundle. Therefore, the associated graded bundle is a smooth bundle of Lie algebras. Here are the details.
Definition 6. Let M be a filtered manifold. The osculating Lie algebroid t H M is the associated graded bundle of TM:
, and the anchor is the zero map. We write t i H M := H i /H i−1 ⊂ t H M for the degree i subbundle of t H M, and σ i : H i → t i H M for the grading maps. Since the anchor is zero, we are in the situation of Example 5-that is, t H M is a bundle of graded nilpotent Lie algebras over M.
Definition 7. The osculating groupoid T H M of a filtered manifold M is the bundle of connected, simply connected nilpotent Lie groups which integrates 2 the Lie algebroid t H M.
Explicitly, T H M equals t H M as a smooth fibre bundle, and each fibre is equipped with the group law given by the Baker-CampbellHausdorff formula. Note that in every fibre the Baker-CampbellHausdorff formula has finite length which is bounded by the depth of the filtration. The groupoid multiplication is therefore smooth.
Dilations
Any graded vector bundle admits a canonical one-parameter family (δ λ ) λ∈R of bundle endomorphisms (automorphisms for λ = 0) called the dilations, where δ λ acts on the degree i subspace by multiplication by λ i . These generalize the homotheties of a vector bundle with trivial grading.
We shall be interested in the osculating Lie algebroid t H M, where the dilations are defined by
In this case, the dilations are Lie algebroid homomorphisms (isomorphisms if λ = 0). They integrate to Lie groupoid homomorphisms of the osculating groupoid T H M. For more details on these dilations, see for instance [HN79, Mel82, CGGP92].
The tangent Lie algebroid I: Module of sections
Algebraically, the tangent groupoid of a filtered manifold will be a disjoint union
seen as a family of groupoids parametrized by t ∈ R = R × ⊔ {0}.
The difficulty is to define the smooth manifold structure of this groupoid. This is the key point of the construction, and we will approach it in stages. In what follows, TM × R is viewed as a vector bundle over M × R with the obvious projection-i.e., it is a constant family of bundles TM × {t} indexed by t ∈ R. As a general point of notation, if X is a section of some bundle over M × R, we will write X| t for its restriction over M × {t}.
consisting of sections which vanish at t = 0 to various orders as follows:
where ∂ t = ∂ ∂t . In Section 6, we will show that X H is in fact the space of smooth sections of a vector bundle t H M over M × R. It turns out to be easier to define the module of sections X H = Γ ∞ (t H M) than it is to define the vector bundle t H M itself. In Section 7 we will define a Lie algebroid structure on t H M. In Section 8 we integrate this to obtain the smooth structure on T H M.
The tangent Lie algebroid II: Vector bundle
As a vector bundle, the osculating Lie algebroid t H M of a filtered manifold is isomorphic, but not canonically isomorphic to the tangent bundle TM. To show that X H is the module of sections of a vector bundle, we will need to transfer the dilations δ λ from t H M to TM. For this, we need a splitting.
Definition 9. A splitting of t H M will mean an isomorphism of vector bundles ψ : t H M → TM such that for each i, the restriction of ψ to t i H M is right inverse to the grading map σ i : H i → t i H M. Proposition 10. Let M be a filtered manifold and let X H be the C ∞ (M × R)-module of Definition 8. For any splitting ψ, the map
is an isomorphism of C ∞ (M × R)-modules. Moreover, given any other splitting ϕ, the composition (
is given by a smooth bundle automorphism of t H M × R that is the identity at t = 0.
The summands on the right are zero for all i > k, so the sum belongs to H k . This proves that the image of Φ ψ lies in the module X H . The map Φ ψ is obviously C ∞ (M × R)-linear, and since ψ • δ t is invertible for all t = 0, Φ ψ is injective. We need to show it is surjective.
Since the splitting is an isomorphism, we can write
Now let ϕ be a second splitting. At any (x, t) ∈ M × R with t = 0 we have
which is obviously induced by the bundle automorphism δ
We claim that it extends to a smooth bundle automorphism also at t = 0.
Since ψ and ϕ are both splittings, ϕ −1 • ψ preserves the top degree part of any vector in t H M. That is, if we fix a degree k, then ϕ −1 • ψ maps t k H M into j≤k t j H M, and it decomposes as
This extends smoothly to id at t = 0. This completes the proof. Proposition 10 shows that X H is isomorphic to the module of sections of a vector bundle that is isomorphic to t H M × R (or TM × R). The isomorphism Φ ψ is not canonical, but depends upon the choice of splitting. To proceed we need an alternative and canonical description of the vector bundle determined by the module X H .
First, recalling the definition of X H ⊂ Γ ∞ (TM × R), it is clear that for every t = 0 there is a canonical restriction map
In other words, the vector bundle determined by X H , when restricted to M × R × , is canonically isomorphic to TM × R × . On the other hand, Proposition 10 shows that the isomorphism Φ ψ is independent of the choice of splitting ψ at t = 0. Therefore, when restricted to M × {0}, the vector bundle determined by X H is canonically isomorphic to t H M. A splitting is used to construct the isomorphism, but the isomorphism is independent of the splitting.
To make the isomorphism at t = 0 more explicit, one can define an "evaluation at zero" map
with components
We leave it to the reader to check that if
In other words, the evaluation map ev H 0 agrees with the restriction to t = 0 derived from Proposition 10.
We now identify the vector bundle determined by the C ∞ (M × R)-module X H as the disjoint union
The smooth structure of the total space of t H M is implicit in the canonical identification X H ∼ = Γ ∞ (t H M) (from the evaluation maps ev t and ev H 0 ) and the isomorphism Φ ψ of Proposition 10. To make the smooth structure explicit, any choice of splitting ψ : t H M → TM gives a smooth bundle isomorphism
Here, and in what follows, we are reappropriating the notation Φ ψ for the vector bundle isomorphism (4). This is justified by the fact that X H is canonically isomorphic with Γ ∞ (t H M). The map Φ ψ in Proposition 10 is then the isomorphism
induced by (4).
One easily confirms that X ∈ X H (see Definition 8), so that X defines a smooth section of the Lie algebroid t H M. Its restriction to each t H M| t is
This example illustrates the gluing of a vector field X (interpreted as a differential operator on M) to its principal symbol in a generalized Heisenberg calculus, via the tangent Lie algebroid t H M. This can be easily generalized to arbitrary differential operators-see [vEY15, Section 11].
7. The tangent Lie algebroid III: Lie algebroid structure
The next task is to understand the Lie algebroid structure on t H M. To begin with, consider TM × R, which is the Lie algebroid of a family of pair groupoids M × M × R indexed by t ∈ R. As such, it is equipped with the following Lie algebroid operations:
where the bracket on the right-hand side of (5) is the usual bracket of vector fields on M.
Proposition 12. The operations (5) and (6) on Γ ∞ (TM × R) restrict to the submodule X H of Definition 8.
Proof. The anchor clearly restricts to X H . If X, Y ∈ X H , we get
The summand on the right lies in
These operations clearly satisfy the Lie algebroid axioms, since they are the restriction of the Lie algebroid operations on Γ ∞ (TM × R).
Via the canonical identification X H ∼ = Γ ∞ (t H M) the bracket and anchor of X H ⊂ Γ ∞ (TM × R) implicitly determine a Lie algebroid structure for the vector bundle t H M. The next proposition explicitly identifies this Lie algebroid structure.
Proposition 13. The maps ev t : X H → Γ ∞ (TM) and ev H 0 : X H → Γ ∞ (t H M) of Equations (2) and (3) are compatible with the Lie algebroid operations.
Proof. Away from t = 0 we have Γ ∞ (t H M| R × ) ∼ = Γ ∞ (TM × R × ), so the result for ev t is immediate.
The result follows.
In summary, Propositions 12 and 13 show that the disjoint union
is a Lie algebroid, if this union is given the smooth vector bundle structure from the previous section, as in equation (4).
The tangent groupoid
Finally, we confirm that the tangent groupoid
admits a smooth structure with t H M as its Lie algebroid. This follows more or less directly from a result of Nistor [Nis00] 3 which, roughly speaking, allows one to smoothly glue Lie groupoids together if one has a smooth glueing of their Lie algebroids. The existence of the "integrated" Lie groupoid T H M with Lie algebroid t H M depends on a mild technical condition discussed in [BN03] , and in this section we verify that that condition is satisfied by t H M.
The Lie algebroid t H M is the disjoint union of t H M × {0} and TM × R × . Each of these components is the Lie algebra of a Lie groupoid, namely the osculating groupoid T H M and the family of pair groupoids (M × M) × R × , respectively. As observed in [BN03, Theorem 10], the condition for gluing these Lie groupoids is the local injectivity of the exponential map on t H M. We therefore need to study the exponential maps of t H M and M × M.
Defining an exponential map for a groupoid requires the choice of a leafwise connection on the Lie algebra. We refer [Nis00] for the details. We merely point out that in our case, it suffices to have a smooth family of connections on the Lie algebroids t H M| t for every t ∈ R.
Fix a connection ∇ on t H M. We will demand that ∇ be graded, meaning that it is a direct sum of connections on the subbundles t i H M = H i /H i−1 . Equivalently, we require that
We also choose a splitting ψ : t H M → TM as in Definition 9. Then we can use the bundle isomorphism Φ ψ : t H M × R ∼ = t H M of Equation (4) to push the connection ∇ forward to a connection ∇ t on each of the Lie algebroids t H M| t with t ∈ R. Specifically, because of the way we have chosen ∇, we obtain ∇ 0 = ∇, while for each t = 0,
The family of connections ∇ := (∇ t ) t∈R is then a smooth family of connections on the Lie algebroids t H M| t . As such, it induces a groupoid exponential Exp ∇ . In order to obtain a global smooth structure on T H M we must verify that Exp ∇ is locally injective in a neighborhood of the zero section.
Recall that the connection ∇ ψ := ψ • ∇ • ψ −1 on TM induces a groupoid exponential for the pair groupoid:
where exp ∇ ψ is the usual geometric exponential. Strictly speaking, Exp ∇ ψ may be only defined on some open neighbourhood of the zero section in TM. The next definition deals with this eventuality. Note that it will be convenient to pull back everything to the associated graded bundle t H M via the splitting ψ : t H M → TM.
Definition 14.
An open neighbourhood of the zero section U ⊆ t H M will be called a domain of injectivity (with respect to the connection ∇ and splitting ψ) if the map Exp ∇ ψ • ψ : U → M × M is well-defined and injective.
We can now describe the exponential map of the full tangent groupoid T H M. The explicit formula is most conveniently expressed by using the bundle isomorphism Φ ψ : t H M × R ∼ = t H M of Equation (4) to pull back from the Lie algebroid t H M to t H M × R.
Lemma 15. Let U ⊆ t H M be a domain of injectivity as above. The composition Exp ∇ • Φ ψ : t H M × R → T H M is well-defined and injective on the subset
with image
It is given explicitly by the formula
Proof. On the fibre t H M × {0}, both Exp ∇ and Φ ψ are the identity. For the fibres at t = 0, the stated formula follows by composing Equation (4) for Φ ψ with Equation (9) for the exponential of the pair groupoid. The result follows.
Note that the subset U ⊂ t H M × R of the lemma is an open neighbourhood both of the zero section M × {0} × R and of the fibre t H M × {0} at t = 0. We will refer to the maps of the form (12) as global exponential charts.
Theorem 16. The groupoid T H M admits a unique smooth structure such that t H M is its Lie algebra, and such that for any splitting ψ : t H M → TM, any graded connection ∇ on t H M and any domain of injectivity U ⊆ t H M, the global exponential chart Exp ∇ • Φ ψ is a smooth diffeomorphism from U (as in Lemma 15) to its image.
Proof. By Lemma 15, the groupoid T H M satisfies the injectivity condition of Theorem 10 in [BN03] . As stated, that theorem applies only to s-simply connected groupoids, i.e. it will provide us with a smooth structure on the groupoid
where Π M is the fundamental groupoid of M. But this smooth structure descends also to T H M. We simply take an atlas for T H M comprising the standard atlas for M × M × R × together with the global exponential charts of Lemma 15. Since the global exponential charts yield diffeomorphic neighbourhoods in T H M and T H M, the result follows.
Adiabatic groupoids
Connes' tangent groupoid is a particular example of the more general construction of an adiabatic groupoid, which is a deformation of a Lie groupoid G to its Lie algebroid AG. This generalization becomes important when one deals with pseudodifferential operators on singular spaces, such as foliations, manifolds with boundaries, Lie manifolds and stratified manifolds. A complete bibliography here would take too much space, but for a sampling of the groupoids involved, one could start with [Con79, MP97, NWX99, DLR15] . Following the references in these papers will give a much more rounded bibliography.
There is nothing preventing us from applying our filtered construction at this level of generality, which would permit the unification of singular manifolds with filtrations on the tangent space. In this section, we outline the construction of the adiabatic groupoid of a filtered groupoid. The proofs are straightforward generalizations of those above, and will be omitted.
9.1. Filtered groupoids and the osculating groupoid. For simplicity, we shall work here with Hausdorff Lie groupoids, although the construction works equally well for almost differentiable [NWX99] or longitudinally smooth [Mon99] groupoids-i.e., groupoids in which the fibres are manifolds while the base is a manifold with corners.
Definition 17. A Lie groupoid G is called filtered if its Lie algebroid AG is equipped with a filtration by subbundles
such that the module of sections Γ ∞ (A • G) is a filtered Lie algebra.
The osculating Lie algebroid a H G is the associated graded bundle of AG:
It is a Lie algebroid over M with the bracket of sections induced from that on A • G and the zero anchor. As such, it is a bundle of nilpotent Lie algebras. We denote the grading maps by σ i :
There is again a one-parameter family (δ λ ) λ∈R × of dilations on a H G, where δ λ acts on a i H G by multiplication by λ i . These are Lie algebra automorphisms.
The osculating groupoid A H G is the bundle of connected, simply connected nilpotent Lie groups which integrates a H G. The dilations (δ λ ) λ∈R × integrate to a one-parameter family of groupoid automorphisms of A H G.
9.2. The adiabatic Lie algebroid. As before, we define the filtered adiabatic groupoid by starting with the module of sections of its Lie algebroid:
This C ∞ (M × R)-module inherits a Lie bracket and anchor by restricting those of Γ ∞ (AG × R). Upon fixing a splitting, Γ ∞ (a H G) is isomorphic to Γ ∞ (a H G × R) via the analogue of the map Φ ψ from Equation 10. We thereby obtain a smooth bundle a H G over M × R are compatible with Lie brackets and anchors so that, algebraically,
9.3. The adiabatic groupoid. The adiabatic groupoid of a filtered groupoid is A H G = (G × R × + ) ⊔ (A H G × {0}). Each of the two components has an obvious smooth structure. To obtain the global smooth structure, we need exponential maps.
For this, we fix a graded connection ∇ on a H G and a splitting ψ : a H G → AG. We write ∇ ψ = ψ • ∇ • ψ −1 , for the induced connection on AG, and Exp ∇ ψ : AG ⊃ U → G for the associated groupoid exponential, where U is a domain of injectivity for Exp ∇ ψ . Then we have a well-defined bijective map from the neighbourhood U := {(x, ξ, t) ∈ a H G × R | (x, ψ • δ t (ξ)) ∈ U} ⊂ a H G × R (13) to the set
given by
where Φ ψ : a H G × R → a H G is the obvious analogue of the bundle isomorphism (4). Declaring this to be a diffeomorphism determines a smooth structure on A H G.
Remark 18. This construction leads one naturally to imagine questions of analysis on manifolds with boundaries or corners in the presence of a Lie filtration. Compare, e.g., [Mon99] , [ALN07] , [DLR15] for the unfiltered case. We hope to return to this in a future work.
